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Abstract 

For the subcritical and critical ( |gKdV[ ) equations, Martel [llj proved the existence and 
uniqueness of multi-soHtons. Recall that for any N given solitons, we call multi-soliton a 
solution of ( |gKdV[ ) which behaves as the sum of these A'' solitons asymptotically as t ~-> +cx). 
More recently, for the supercritical case. Cote, Martel and Merle ^4 proved the existence of 
at least one multi-soliton. In the present paper, as suggested by a previous work concerning 
the one soliton case we first construct an Ai'-parameter family of multi-solitons for the 
supercritical ( |gKdV[ ) equation, for A'^ arbitrarily given solitons, and then prove that any 
multi-soliton belongs to this family. In other words, we obtain a complete classification of 
multi-solitons for ( |gKdV[ ). 

1 Introduction 

1.1 The generalized Korteweg-de Vries equation 

We consider the generalized Korteweg-de Vries equation: 

{d,u + dlu + d,{ur>)^Q 

\u{Q) ^ ^ H\R) ' 

where (t, x) G and p ^ 2 is integer. The following quantities are formally conserved for solutions 
of dgKdVI ): 



u^{t) = J u^{0) (mass), 
EHt)) ul{t) - ^ / n^^\t) = E{um (energy). 

Kenig, Ponce and Vega [ID] have shown that the local Cauchy problem for ( |gKdV[ ) is well 
posed in H^{m.): for uq e H'^{^), there exist T > and a solution u e C([0, T], i7i(M)) of (|gKdVf 
satisfying u(0) = uq which is unique in some class Yt C C([0, T], i/^(R)). Moreover, if T* ^ T 
is the maximal time of existence of w, then either T* — +oo which means that u{t) is a global 
solution, or T* < +oo and then ||u(t)||^i — > -|-oo as t"\' T* {u{t) is a finite time blow up solution). 
Throughout this paper, when referring to an solution of ( |gKdV[ ), we mean a solution in the 
above sense. Finally, if uq e H^R) for some s ^ 1, then u{t) e iJ'*(R) for aU t e [0,T*). 

In the case where 2 ^ p < 5, it is standard that all solutions in are global and uniformly 
bounded by the energy and mass conservations and the Gagliardo-Nirenberg inequality. In the 
case p = 5, the existence of finite time blow up solutions was proved by Merle [T7] and Martel 
and Merle [T^ . Therefore p = 5 is the critical exponent for the long time behavior of solutions of 
( |gKdV[ ). For p > 5, the existence of blow up solutions is an open problem. 
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We recall that a fundamental property of ( |gKdV[ ) equations is the existence of a family of 
explicit traveling wave solutions. Let Q be the only solution (up to translations) of 




Q>0, Qei/i(M), Q" + QP = Q, i.e. Q(a;) = 
For all Co > and a;o G M, 

Rco,xo{t,x) = Qcoix - Cat - Xo) 
1 

is a solution of ( |gKdV[ ), where Qc„{x) — Cq^^ Q{y^x). We call solitons these solutions though 
they are known to be solitons only for p = 2, 3 (in the sense that they are stable by interaction). 
It is well-known that the stability properties of a soliton solution depend on the sign of 

5-p 

^ / Qc\c-cq' ^i'^'^s I Qc — c^(p-i> / Q^, we distinguish the following three cases: 

• For p < 5 {L'^ subcritical case), solitons are stable and asymptotically stable in in some 
suitable sense: see Cazenave and Lions [2], Weinstein [32], Grillakis, Shatah and Strauss 
[7] for orbital stability; and Pego and Weinstein [1^], Martel and Merle |13j for asymptotic 
stability. 

• For p = 5 {L^ critical case), solitons are unstable, and blow up occurs for a large class of 
solutions initially arbitrarily close to a soliton, see [T^llIT]. Moreover, for both critical and 
subcritical cases, previous works imply the following asymptotic classification result: if u is 
a solution of ( [gKdVp such that limj^+oo \\u{t) — Q{- — t)||^i = 0, then u{t) = Q{- — t) for t 
large enough. 

• For p > 5 (L^ supercritical case), solitons are unstable (see Grillakis, Shatah and Strauss [7] 
and Bona, Souganidis and Strauss [T]). In particular, the previous asymptotic classification 
result does not hold in this case. More precisely, we have: 

Theorem 1.1 (O). Let p > 5. 

(i) There exists a one-parameter family (C/"^)yigR of solutions of ( |gKdVP such that, for all 

AeR, 

lim \\U^{t,- + t)-Q\\„, =0, 

and ifA'eR satisfies A' ^ A, then U^' ^ U"^. 

(ii) Conversely, if u is a solution of ( |gKdVP such that limt_>._|_oo infygR ||w(t) — Q{- — y)\\ui = 0, 
then there exist A t^ & R and G M such that u{t) = U^{t, ■ — Xq) for t^t^. 

We recall that this result was an adaptation to ( |gKdV[ ) of previous works, concerning the 
nonlinear Schrodinger equation, of Duyckaerts and Merle and Duyckaerts and Roudenko [5] . 
The purpose of this paper is to extend Theorem 1 1.1 1 to multi-solitons. 

1.2 Multi-solitons 

Now, we focus on multi-soliton solutions. Given 2N parameters defining N 2 solitons with 
different speeds, 

< ci < • • • < Cat, xi, . . . , xat g R, (1.1) 

we set 

N 



Rj (t) = (t) and R{t)^J2 (^) ' 



and we call multi-soliton a solution u{t) of ( |gKdV ) such that 



||m(<) - i?(<)||^i — ^0 as t^+oo. (1.2) 
Let us recall known results on multi-solitons: 
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• For p = 2 and 3 (KdV and mKdV), multi-solitons (in a stronger sense) are well-known to 
exist for any set of parameters (|l.ip . as a consequence of the inverse scattering method. 

• In the subcritical and critical cases, i.e. for ( |gKdVD with p ^ 5, Martel [Ilj constructed 
multi-solitons for any set of parameters The proof in JJj follows the strategy of Merle 
[TCj (compactness argument) and relies on monotonicity properties developed in [T3] (see 
also [H]). Recall that Martel, Merle and Tsai [TS" proved stability and asymptotic stability 
of a sum of N solitons for large time for the subcritical case. A refined version of the stability 
result of [15j shows that, for a given set of parameters, there exists a unique multi-soliton 
solution satisfying (|1.2p . see Theorem 1 in [IT]. 

• In the supercritical case, i.e. in a situation where solitons are known to be unstable. 
Cote, Martel and Merle |^ have recently proved the existence of at least one multi-soliton 
solution for ( |gKdV[ ): 

Theorem 1.2 (0^)- Let p > 5 and N 2. Let < ci < ■ ■ ■ < cn and xi, . . . ,xn e R. There 
exist Tq £ R, C, <7q > 0, and a solution ip € C{[Tq, -|-oo), H^) of ( |gKdV[ ) such that 

yt G [To, +oo), \\ipit) - Ce-^o''*. 

Recall that, with respect to [HI US]) the proof of Theorem I 1 . 2l relies on an additional topological 
argument to control the unstable nature of the solitons. Moreover, note that no uniqueness result 
is proved in [3], contrary to the subcritical and critical cases [TT]. In fact, the objective of this 
paper is to prove uniqueness up to N parameters, as suggested by Theorem ll.il 

1.3 Main result and outline of the paper 

The whole paper is devoted to prove the following theorem of existence and uniqueness of a family 
of multi-solitons for the supercritical ( |gKdV[ ) equation. 

N 

Theorem 1.3. Let p>5,N^2,0<ci<---<CN and xi, . . . , xn G K- Denote R = Llc^^xj ■ 

1. There exists an N -parameter family (</5yii,...,Ajv)(^j Aj~r)eR" of solutions of ( [gKdVp such 
that, for all (Ai, . . . , An) € E^, 

lim |j(p^,,...,A„(t)-i?(t)||^i =0, 

and if {A[, . . . ,v4^) ^ {Ai, . . .,An), then fA[,...,A'^ 'PAu-.-.a^- 

2. Conversely, if u is a solution of ( |gKdV[ ) such that limt_s.+oo \\u{t) — i?(<)||^i — 0, then there 
exists (yli, . . . ,An) G R^ such that u — </?yii,...,Ajv • 

Remark 1.4. The convergence of fAi,...,AM to R in Theorem 1 1.31 is actually exponential in time, 
as in Theorem II .21 See the proof of Theorem 11.31 at the beginning of Section [3] for more details. 

Remark 1.5. For the nonlinear Schrodinger equation, the question of the classification of multi- 
solitons as in Theorem 11.31 is open. In fact, even for subcritical and critical cases, no general 
uniqueness result has been proved yet (see general existence results in P^Bl [TH H]). 

The paper is organized as follows. In the next section, we briefly recall some well-known results 
on solitons, multi-solitons, and on the linearized equation. One of the most important facts about 
the linearized equation, also strongly used in [H [3], is the determination by Pego and Weinstein [TS] 
of the spectrum of the linearized operator C around the soliton Q{x — t): (t(£) nR = {—eg, 0, -l-eo} 
with cq > 0, and moreover eo and — eo are simple eigenvalues oi C with eigenfunctions and . 
Indeed, allow to control the negative directions of the linearized energy around a soliton (see 
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Lemma l2.5p . Moreover, by a simple scaling argument, we determine eigenvalues of the linearized 
operator around Qcj- ±ej — icj^^^eo are eigenvalues with eigenf unctions Yj^ (see Notation 12 . 61 for 
precise definitions). 

In Section [21 we construct the family {(PAi....,An) described in Theorem 11.31 To do this, we 
first claim Proposition 13.11 which is the new key point of the proof of the multi-existence result, 
and can be summarized as follows. Let ip be a multi-soliton given by Theorem \ 1 . 'A j £ [[1, N'^ and 
Aj G M. Then there exists a solution u{t) of ( |gKdVD such that 

\\u{t) - cp{t) - A,e-^^X^it)\\^, ^ 

for t large and for some small 7 > 0. This means that, similarly as in [3] for one soliton, we can 
perturb the multi-soliton ip locally around one given soliton at the order e""^^*. Since ei < • • • < ejv, 
fAi,...,AN tis-s to be constructed by iteration, from j ~ 1 to j = N. Indeed, it is not significant 
to perturb ip at order Cj before order ej_i, since ej > e^-i 4- 7. Similarly, it seems that there 
exists no simple way to compare ipAi,...,AN to ip. Finally, to prove Proposition 13.11 we rely on 
refinements of arguments developed in in particular the topological argument to control the 
unstable directions. 

In Sectional we classify all multi-solitons in terms of the family previously constructed. Once 
again, it appears that the identification of the solution has to be done step by step (after an 
improvement of the convergence rate, as in ■J]), from order ei to order cat. In this section, we 
strongly use special monotonicity properties of ( |gKdV ), in particular to prove that any multi- 



soliton converges exponentially (Section 14. ip . Such arguments are not known for the nonlinear 
Schrodinger equations. 

Finally, recall that in the one soliton case for ( [gKdVp [3 , a construction of a family of ap- 
proximate solutions of the linearized equation and fixed point arguments were used (among other 
things), as in the one soliton case for the nonlinear Schrodinger equation [5]. For multi-solitons, 
since the construction of approximate solutions is not natural (because of the interactions between 
solitons), we propose in this paper an alternate approach based only on compactness and energy 
methods. 



2 Preliminary results 

2.1 Notation and first properties of the solitons 
Notation 2.1. They are available in the whole paper. 

(a) (•, •) denotes the i^(R) scalar product. 

(b) The Sobolev space is defined by i7"(M) = {u G V'{R) \ {l+^^Y^^uiO G ^^(M)}, and in 
particular H^R) = {u e L^{R) \ \\u\\%, = WuWl^ + ||m'||^2 < +00} ^ L°°{R). 

(c) We denote dxV — the partial derivative of v with respect to x. 

(d) All numbers C, K appearing in inequalities are real constants (with respect to the context) 
strictly positive, which may change in each step of an inequality. 

Claim 2.2. For all c > 0, one has: 

(i) Qc > 0, Qc is even, Qc is C°° , and Q'^{x) < for all x > 0. 

(a) For all j ^ 0, there exists Cj > such that Qi-'\x) ~ Cje^^l"^' as \x\ +00. 

In particular, for all j ^ 0, there exists > such that \q'"J\x)\ ^ Cje"^'^' for all x G M. 

(Hi) Q'l + QP^ cQ,. 
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2.2 Linearized equation 

Let c> 0. 



2.2.1 Linearized operator around Qc 

The linearized equation appears if one considers a solution of ( |gKdV[) cl ose to the soliton Qdx—ct). 
More precisely, if Uc{t, x) — Qc{x — ct) + hc{t, x — ct) satisfies ( gKdVj ), then he satisfies 

dtK + C,h,^0{hl) 

where 

CcCL = ~dx{Lca) and Lea = —d'^a + ca — pQ^~^a. 

The spectrum of Cc has been calculated by Pego and Weinstein for c = 1 in [TB]. Their results 
are summed up in the following proposition for the reader's convenience. 

Proposition 2.3 ( 18J). Let (j{C) be the spectrum of the operator C defined on L2(M) and let 
CTess('C) he its essential spectrum. Then 

o'oss('C) = iM and cr(C) DM. = {— eo, 0, eo} with cq > 0. 

Furthermore, Cq and — eq are simple eigenvalues of C with eigenf unctions andY^ = Y^ which 
have an exponential decay at infinity, and the null space of C is spanned by Q' . 

This result is extended to Cc in Corollarv l2.4l bv a simple scaling argument. Indeed, we recall 
that if u is a solution of ( [gKdVp , then for all A > 0, u\{t,x) — X~u{X^t,Xx) is also a solution. 
Moreover, we have Qc{x) = c'p^Q{^x). 

Corollary 2.4. Let cr(Cc) be the spectrum of the operator Cc defined on L'^{M.) and let acss{Cc) 
be its essential spectrum. Then 

(Toss('Cc) = iM. and cr{Cc) n M = {— Gc, 0, ed where Cc = c^^'^cq > 0. 

Furthermore, Cc and —Cc are simple eigenvalues of Cc with eigenf unctions Y^ and Y~ = Y^ , 
where 

and the null space of Cc is spanned by Q'^. 

2.2.2 Adjoint of Cc 

We recall that Lemma 4.9 in [3j, under a suitable normalization of 1"*, shows important properties 
of the adjoint of C. With the same normalization and by Corollary 12.41 we obtain the following 
lemma by a simple scaling argument. Recall that assertion (v) is proved in [4 for c = 1. 

Lemma 2.5. Let = LcY^ . Then the following properties hold: 
(i) are two eigenf unctions of Lcdx'. Lc{dxZ^) — ^ecZ^ . 
(ii) There exists 770 > such that, for all x e R, 

\Y^{x)\ + \dxYt{x)\ + \Zf{x)\ + \dxZt{x)\ < Ce-^oV-cM. 

(OA) {Y+,Zt) = {Y-,Z-) - and {Z+ , Q'J - (Z", Q^) = 0. 

(iv) {Y+, Z-) = {Y-,Zt) = 1 and (Q^, d^Y^) > 0. 

(v) There exists (Tc > such that, for all Vc G such that {vc, Z^) — {vc, Z^) ~ {vc, Q'c) — 0, 

(LcVcVc) ^ (Tc||Wc|l_H-i- 

(vi) There exist CTc > and C > such that, for all Vc G , 

{LcVc, Vc) ^ (Tc\\Vc\\\l - C{Vc, Z'^f - C{Vc, Z^f - C{Vc, Q'cf . 
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2.3 Multi-solitons results 

A set of parameters being given, we adopt the following notation. 
Notation 2.6. For all j e il,Nj, define: 

(i) Rj{t, x) — Qcj {x — Cjt — Xj), where Qdx) = c'p^ Q{^x). 

(ii) Y^{t,x) = Y^{x - Cjt - Xj), where Y^{x) = c^^/'^Y^{^x) is defined in Corollarv l2.4l 

(iii) Z^{t,x) ~ Zf.{x — Cjt — Xj), where Z^ — LcY^. 

(iv) Cj ~ Ccj, where Cc = c^^^cq- 

Now, to estimate interactions between solitons, we denote the small parameters 

3 /2 

■ r 2/3 2/3 1 J ^0 /o 1 ^ 

o-Q = mmjryo' ci,eo' ci, ci, C2 - ci, . . . , cjv - cjv-i} and 7 = ^^. (2.1) 

From [11] , it appears that 7 is a suitable parameter to quantify interactions between solitons 
in large time. For instance, we have, for j ^ k and all t ^ 0, 

J R,{t)Rk{t) + \{RMi)\\{Rk)'At)\ ^ Ce-'°^'. (2.2) 

From the definition of ctq and Lemma 12.51 such an inequality is also true for Yj^ and Z^ . 

Moreover, since (Jq has the same definition as in [3], then from their Remark 1, Theorem 11.21 
can be rewritten as follows. There exist Tq € R and ip G C([To, +00), H^) such that, for all s ^ 1, 
there exists > such that 

Mt)-R{t)\\H. ^A.e-^-'K (2.3) 

3 Construction of a family of multi-solitons 

In this section, we prove the first point of Theorem 11.31 as a consequence of the following crucial 
Proposition 13. II Let p > 5, ^ 2, < ci < • • • < c^v and xi, . . . ,xn G K. Denote R = J2k=i 
and (f a multi-soliton solution satisfying (|2.3p . as defined in Theorem 11.21 for example. 

Proposition 3.1. Let j e [1, N} and Aj S R. Then there exist io > and u G C{[to, +00), H^) 
a solution of ( |gKdV[ ) such that 

yt ^ to, \\u{t) ~ ^(t) - A,e-^^*r+(t)||^, ^ ,r'^-.+i)\ (3.1) 

Before proving this proposition, let us show how this proposition implies the first point of 
Theorem 11.31 

Proo] of 1. of Theorem\r^ Let (Ai, . . . , An) G M^. 

(i) Consider ipAi the solution of ( |gKdV[ ) given by Proposition 13.11 applied with ip given by 
Theorem 11.21 Thus there exists io > such that 

VOio, \\^AAt)'V{t)-A^e-'''Y+{t)\\^, <e-(^i+^'*. 

Now remark that LpAi is also a multi-soliton, which satisfies (|2.3p by the definition of 7 and 
the same techniques used in [TTJ Section 3.4] to improve the estimate in higher order Sobolev 
norms. Hence we can apply Proposition 13 . 1 1 with ipAi instead of iy9, so that we obtain ^pai,A2 
such that 

yt ^ t'o, \\vM,A2(t) - PMit) - A2e-''-%+{t)\\^, ^ e-('=^+^)*. 
Similarly, for all j G Jl, TV]], we construct by induction a solution y:>Ai,...,Aj such that 

Vt>to, \kA,,...,AAt) ~ ^A,,...A,^At) ~ Aje-'^''Y+it)\\^, (3.2) 

Observe finally that (PAi,...,An constructed by this way satisfies (|2.3p . 
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(ii) Let {A[, . . . , A'jy) e be such that {A[, . . . , A'j^^) ^ {Ai, . . . , An), and suppose in the sake 
of contradiction that 'Pa[,....A'j^ — fAi,...,AK- Denote io — minji e [[1,-^^]] | A'^ 7^ Ai}. Hence 
we have A'^ = Ai for i g [1, ig — Ij, A'^^ 7^ Ai^ and from the construction of V'Ai,...,Aivi 

</5Ai,...,A„(t) = ipA,,...,AN^iit) + ANe'^^'Y+it) + ZN{t) 

= W + Ajv-ie-^"-i*r+_i(i) + Ajve-^"*r+(i) + ZN-i{t) + ZN{t) 

= ■■■ = ^M,...,A.„-^it) + A.,,e-'^^oX+(t) + ^ Ake-'^''%+{t) + ^ z,it) 

where Zk satisfies ^ e-i^k+i)t fQj- t~^t^ and each k ^ io- Similarly, we get 

and so using (pA[,...,A'^ = and </?a;,...,a;^_i = ^Ai,...,A,g-i, we obtain 

for t to, thus l^li^ — A'iJ ^ Ce"'''*, and so A[^^ — Ai^ by letting t — +00, which is a 
contradiction and concludes the proof. □ 

Now, the only purpose of the rest of this section is to prove Proposition 13. II Let j G [1, A^J 
and Aj G K. We want to construct a solution u of (gKdVl such that 

z{t,x) = u{t,x) - ip{t,x) ~ Aje~''^*Yj^{t,x) 
satisfies ||z(<)||^i ^ e^^'^^'^''''* for t ^ to with to large enough. 

3.1 Equation of z 

Since m is a solution of ( |gKdV[ ) and also (p is (and this fact is crucial for the whole proof), we get 

dtz + dlz + a,[(</. + A,e-^^'Y^ + zf - <^f] + A,e~'^\dlY^ ~ c,d,Y+ ~ e,Y+] = 0. 
But from Corollarv l2.41 we have 

C,Y+ = e,y+ = dlY+ - c,d,Y++pd,{Ql-'Y+) 
and so following Notation 12.61 we get the following equation for z: 

dtz + dlz + d^[{^ + A,e"'''Y+ + zf -^P- pA,e-^^*RP-W+] - 0. (3.3) 
This can also be written 

dtz+d^ [dlz+p^P-^z] +9, [{^ + A,e-''^'Y+ + zf-{^ + A,e-'''Y+f -p{^ + A,e-'''Y+f^\] 
+ pd, [((^ + A.e-'^^'Y+f-' - ^f-i) • z] = -d, [(^ + A,e--'%+f pA,e--^'Y+ R^-^] . 

Finally, if we denote 

Lo,=p[{^ + A,e--^%+f-' -^P-^], 
w(z) = {ip + A,e-''^'Y+ + zf - ((^ + A,e-'^^Y^f ~ p{^ + A,e-'''Y+f~\, 
n = {^ + A.e-'^'Y+f -ipP - pA,e-''^'Y+RP-\ 

we obtain the shorter form of the equation of z: 

dtz + d^[dlz + pipp-h] + • z] + d4Lo{z)] = -d^n. (3.4) 
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Note that the term lu{z) is the nonUnear term in z, and that wi satisfies, for all s ^ 0, 
^ CsB^^J* for all t ^ 0. Moreover, the source term fl satisfies 

Vs ^ 1,3a > 0,Vt ^ 0, \\n{t)\\jf^, ^ C,e-'"^+'*'^)*. (3.5) 
Indeed, if we write under the form 

+ pA,e-^^'Y+{^P-^ - +pAje-^^'Y+{RP-^ - RP~^), 

we deduce from (|2.3p . (j2.2p and the definition of 7 (|2.1[) that 

3.2 Compactness argument assuming uniform estimate 

To prove Proposition l3.1l we follow the strategy of dUHj. Let Sn — >■ +00 be an increasing sequence 
of time, b„ = (^n,fc)j<fe<Ar ^ K^"-' be a sequence of parameters to be determined, and let u„ be 
the solution of 

{dtUn + dx[dlun + <] = 0, 
u„(5„) = ^{Sn) + Aje--^^-Y+{Sn) + &n,fci"fc+(5„). (3-6) 

Notation 3.2. (i) is equipped with the i"^ norm, simply denoted || • ||. 

(ii) Big{P,r) is the closed ball of the Banach space B, centered at P and of radius r ^ 0. If 
P = 0, we simply write Bi3{r). 

(iii) §Riv(r) denotes the sphere of radius r in R^. 

Proposition 3.3. There exist no ^ and Iq > (independent ofn) such that the following holds. 
For each n ^ riQ, there exists b„ € R^"-' with ||b„|j ^ 2e~'^'^'~^'^'^^^" , and such that the solution Un 
of (13. tip is defined on the interval [to,S'n], and satisfies 

Vt e [to, Sri hn{t) - ^{t) - A,e-''^'Y+{t)\\^^ ^ 

Assuming this proposition and the following lemma of weak continuity of the flow, we can 
deduce the proof of Proposition 13.11 The proof of Proposition 13.31 is postponed to the next 
section, whereas the proof of Lemma 13.41 is postponed to Appendix lAl 

Lemma 3.4. Suppose that zo.„ ^ zq in , and that there exits T > such that the solution 
z„{t) corresponding to initial data zo^n exists for t € [0,T] and sup^gjor] ^ Then 

for all t G [0,T], the solution z(t) corresponding to initial data zq exists, and ZniT) ziT) in 
H\ 

Remark 3.5. Note that the proof of Lemma 13.41 strongly relies on the Cauchy theory in 
with s < 1, developed in [lOj . Thus this argument is quite similar to the compactness argument 
developed in [1] or [TTj . 

Proof of Proposition \3.1\ assuming Proposition \3.3l We may assume no in Proposition 13.31 
without loss of generality. It follows from this proposition that there exists a sequence Un{t) of 
solutions to ( |gKdV[ ), defined on [to, Sn], such that the following uniform estimates hold: 

Vn^O,Vte [to,5„], ||u„(t)-(^(t)-A,e-'=^*y+(t)||^, ^ e'^'^ 
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In particular, there exists Cq > such that ||u„(to)|l/fi =^ Cq for aU n ^ 0. Thus there exists 
uq G H^{M.) such that u„(<o) ^ ^^o hi weak (after passing to a subsequence). Now consider u 
solution of 

idtu + d^[dlu + uP] = 0, 

\u{to) = Mo- 
Let T ^ to. For n such that Sn > T, u„(i) is well defined for all t £ [to,T], and moreover 
\\un{t)\\fji s$ C. By Lemma 15:1 we have u„(r) ^ u(r) in i/^. As 

we finally obtain, by weak convergence, ||u(r) — ip{T) — Aje^'^^'^Yj^ {T)\\ ^ Q-iej+j)T^ Thus u 
is a solution of ( |gKdV[ ) which satisfies (|3.ip . □ 

3.3 Proof of Proposition Q 

The proof proceeds in several steps. For the sake of simplicity, we will drop the index n for the 
rest of this section (except for Sn)- As Proposition 13.31 is proved for given n, this should not be 
a source of confusion. Hence we will write u for u„, z for z„, b for b„, etc. We possibly drop the 
first terms of the sequence 5„, so that, for all n, Sn is large enough for our purposes. 
From (|3.4p . the equation satisfied by z is 



dtz + dx[dlz+pipP ^z] + dx[i^i ■ z] + dx[uj{z)] = -d^^, 



\<Sn)^j:k>,bkY+iSn 

Moreover, for all fc e Jl, iVj, we denote 

±1 



Cti, 



t{t)= z(t)-Zt(t). 



In particular, wc have 



at{Sn)=Y.bi I Y+{Sn)-Z^{Sn). 
l>3 '' 



Finally, we denote a. [t] = (a^, (t)) 



j<k^N- 



(3.7) 



3.3.1 Modulated final data 

Lemma 3.6. For n ^ uq large enough, the following holds. For all G M^^^ , there exists a 
unique b G M^^^ such that \\b\\ ^ 2||a~|| and a~(S'„) = a^. 



Proof. Consider the linear application 



El>,bljY+{Sn)Z-{Sn) 



From the normalization of Lemma 12.51 its matrix in the canonical basis is 



Mat$ 



/ 1 lYj'+2Z-+ASn) 



But from 



V/ Yj + l^j+Ni^n) 

we have, for k ^ I, 



I Yi^Z^iSn 
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with Co independent of n, and so by taking uq large enough, we have $ = Id+A„ where || A„|| ^ i. 
Thus <i> is invertible and ||$"^|| ^ 2. Finally, for a given e R^^-', it is enough to define b by 
b = $~^(a~) to conclude the proof of Lemma \WM □ 

Claim 3.7. The following estimates at Sn hold: 

. \a+{Sn)\ ^ Ce-2^^"||b|| for alike p,7V], 

. \a-{Sn)\ ^ Ce-^^s-\\b\\ for all k e 

• MSn)\\Hi ^C\\b\\. 

3.3.2 Equations on 

Let to > independent of n to be determined later in the proof, G i?Rjv-j (e~('^J+^^''^") to be 
chosen, b be given by Lemma l3.6l and u be the corresponding solution of (|3.6p . We now define the 
maximal time interval [T(o^), Sn] on which suitable exponential estimates hold. 

Definition 3.8. Let T(a^) be the infimum oi T ^ to such that for all t e [T, S„], both following 
properties hold: 

e("^+^)*z(t) e and e^'^^+^T)*^- (<) e Br«-, (1). (3.8) 

Observe that Proposition 13.31 is proved if for all n, we can find a~ such that T(a^) ~ to- The 
rest of the proof is devoted to prove the existence of such a value of . 

First, we prove the following estimate on . 
Claim 3.9. For all k e [[1, A^l and all t e [T(o"), Sn], 
d 



^ Coe-^-^'\\z{t)\\H, + C^\\z{t)\\l, + C2e-('=^+4'')*. (3.9) 



Proof. Using the equation of z (|3.7p . we first compute 



d 

di' 



= / (z.. +P¥.P-iz)Z± + J u:,zZl + j uj{z)Z^^ + y 0Z± - j zZ^^ 

(z,, - Cfez + vR^-^z)Z^^ + p \{ipP'^ - Rl~^)zZ^^ + [{uJiz + uj{z) + ^r)Z, 



kx ' 



But from (i) of Lemma 12.51 we have 

{zxx - CkZ + pRlr^z)Z^^ = {-Lc^z{t, ■ + Ckt), dxZfj 



= (z(i,- + Cfci),-Lc,(a,Z±)) =±efc(2:(t,- + Cfet),Z±) =±efca±, 
and from (|2.3p and p.Sp . we have the following estimates: 

. \!{^P-^~Rl-')zZl\^C\W^R\\^ML^+Ce-^'''ML^^Ce-^^^^^^^ 

. |/c.(z)z±Kq|z||i. 

which conclude the proof of the claim. □ 
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3.3.3 Control of the stable directions 

We estimate here a^{t) for all k e [[1, Nj and t e [r(a"), S,,]- From fX^l) and fXSl) . we have 



^a+(t)-efca+(i) 



Thus |(e-*='=''a^(s))'| ^ is:2e~(''^+'=''+''^'", and so by integration on [t,Sn] we get |e-"'^^"a^(S'„) 
e-'='=*a+(t)| s; ii'2e-('=^+^'=+4^)* and so 

|a+(<)| e^^-(*-^")|a+(5„)| +if2e-('^^+4^)*. 
But from Claim [5771 and Lemma 13.61 we have 



and so finally 



VfcG [l,iVl,Vt e [T(o-),5„], |a+(<)KX2e-('=^+^^)*. (3.10) 



3.3.4 Control of the unstable directions for k ^ j 

We estimate here aj^ (t) for all k e [1, jj and t e [r(a~); ^n]. Note first that, as in the previous 
paragraph, we get for all fee |1, iVj and t e [T(o~), S'„], 



dt 



a,, (t) + Cka^ (t) 



(3.11) 



Now suppose k ^ j, which implies ek s; Cj. Since \{e'"''a~ {s))'\ ^ fCae^^''-'^^-'''')", we obtain, by 
integration on [t, ^n], 

\a^{t)\ ^ e<='=(^-*)|a,T(5„)| +if2e-('=^+'^)*. 
But again from Claim 13.71 and Lemma 13.61 we have 



and so finally 



Vfce [i,j]],vte [r(a-),5„], |a^(i)K i^2e-(^^+^^)*. 



(3.12) 



3.3.5 Monotonicity property of the energy 

We follow here the same strategy as in [111 Section 4] to estimate the energy backwards. Since 
calculations are long and technical, we refer to [TT] for more details. 
We define the following function 

2 

^"(2;) = — arctan(exp(— Y^CToa::/2)) 

TT 

so that lim+00 V' = 0, lim_oo V' = 1? and for all a; € M, tp{^x) = 1 — iIj{x). Note that by a direct 
calculation, we have |'0"'(x)| ^ ^[■(/''(a;)!. Moreover, we set 



h{t,x) = — + (-- ^ 

CJV \Ck 



k=l 



Ck Ck+1 



Ck+ Ck+1, Xk + Xk+1 
ijj \ X 1 
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Observe that the function h takes values close to ^ for x close to Ckt + Xk, and has large variations 
only in regions far away from the solitons (for instance we have, for all k e [[l,iV]l and t ^ 0, 
\\Rk{t)hx{t)\\j^^ ^ Ce~'*^*). We also define a quantity related to the energy for z: 



H{t)= I [(zl{t,x) - F{t,z{t,x))Y{t,x) + z''{t,x)} 



dx 



where 



F{t,z) 



; ; {ip + VjY Z 



and Vj{t,x) = Aje-''^%+ (t, x) 



Lemma 3.10. For all t e [T(a"), Sn], 

— it) ^ -Co\\zm%. Ce-'-'^Mml, - C^e-^^^+^-^'IzCt)!!^,. 
Proof. Since ^ = 2[((/3 + vj + z)^ — {ip + yjY], we can first compute 

^ = /(^^ ~ F{z))ht - 2 J zt[{f + v,j + zf - ((^ + Vjf\h + 2 J z^tZxh + 2 J ztZ 

~'^J if + ""3)1 if + Vj + z)'' - {(fi + Vj Y - p{ip + VjY^^Z 
Moreover 2 J z^tZxh = —2 J zt^z^xh + z^hx), thus 

{zl - F{z))ht -2 j zt[zxx + + Vj + zf + Vjf]h + 2 J zt{z - Zxhx) 

— 2 j ((y9 + Vj)^ {(p + Vj + zf — if + Vjf — p{ip + Vjf ^ z 
Now we replace zt thanks to the equation that it satisfies, which can be written, from (|3.3|) . 



dff 



Zt 



Zxx + (</5 + + zf - (((5 + V.jf 



= -^x- 



Using multiple integrations by parts, we finally obtain 



dH 
~dt 



{zl - F{z))ht + / zlh 



+ 2 Zxhx 



{ip + Vj + zf — if + Vjf 



2 / z 



{ip + Vj + zf ^ (ip + Vjf 



2 / (fith 



(3.13) 
(3.14) 

{p + Vj + zf — {(p + Vjf — p{ip + Vjf~^Z 

(3.15) 



2 / zflx + 2 zhflxxx + 2 / zhx^xx + 2 / hil 



{p + Vj + zf — {(p + Vjf 



2 / hv 



'jt 



{ip + Vj + zf ~ {ip + Vjf - p{(p + Vjf ^z 



Zxx + {'P + Vj + zf - {ip + Vjf 



hx-2 I z^^hx- 



(3.16) 
(3.17) 
(3.18) 



To conclude, we estimate each term of this equality: 
• First note that p.lSp ^ since hx < 0. 
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p.l3|) : By the expression of h and |?/;"'| ^ ^IV'I; we see after direct calculation that 
ht > cro\hx\ ^ MKxxl, thus 



zlht 



F{z)ht ^ - / \F{z)\ht 



Moreover, since ||i?/itH^^ ^ Ce and 



then / \F{z)\ht < Co||z||^i + Cie-27t||^|| 



For ([XT7|) . first note that \\vjt\\i^^ < Ce-'^^*, and so 

qifilln^lklL^ ^ C2e-(-^+^^n4m by (ESI). 

To estimate p.l4p . we develop it as 



k=l 



k=l 



J2 (fc) (p-'^) J + '"j)xi'p + 



f-'-'hxZxz'^+P I zlzP-^K. 



Since + \'phx\ ^ Ce and 



\vA Ce-'^-'*, then 



|(EIlKCie-2^*||z||'^, +Co!|z| 



3 



We finally estimate (j3.15p to conclude. The key point to control it is that locally around 
X = Ckt + Xk, f behaves as a solitary wave of speed Ck- More precisely, we strongly use the 
estimate \\fth + (PxWl.-^ ^ Ce"^'''*, proved in [TT]. Note that the proof uses the norm of 
the difference (p — R, i.e. (I2.3p . Now, we compute 



- (CT 



(ip + Vj + zY — {(p + VjY — p{(p + VjY 



(fith 



{if + Vj + zf — (</? + VjY - p{ip + VjY z 
P{P - 1) 



P {ip + Vjf ^ZxZ + 



2 

-2^.2 



(/?f/i((/? + Vjf = I + II + III + IV. 



First notice that |I| + |II| ^ CoHzH^i. Moreover, an integration by parts gives 



P 



III + IV=^ / z'{p-l){^x+Vjx){p + V,f'' + 



p-2 . P{P - 1) 



2 

P{P - 1) 



z^{ip + Vj)'^ "^{ipx + Vth) + 



2 

p(jp - 1) 



P-2 2 



Lpth{ip + VjY Z 

Z^VjxiV + ""if 



thus 



|iii + iv| ^ c\\^x + vtH^^WzWl, + c\\v 

and so finally | (IXT5ll | < Co||z||^i + Cie-27t||2||^, 



^Ce-2^*llz|l^,+Ce- 



□ 
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We can now prove that, for all t E [T(a ), Sn], 



(3.19) 



Indeed, from Lemma [3. 101 and estimates (|3.8p . we deduce that, for all t € [T{a ), Sn], 
dt 

Thus by integration on [t, Sn], we obtain H{Sn) ~ H{t) ^ -Kie~'^'-''^+'^^'^\ and so 

H{t) ^ H{Sn) + ifie-2('^^+27)t. 
But from Claim [B77I and Lemma 13.61 we have 

H{Sn) < \H{Sn)\ ^ C\\z{Sn)fH^ < C\\ht ^ C\\a- \f 



and so 

Finally, since 



V< e [r(a-), 5„], H{t) ^ ifie-2(^.+27)t. 



we easily obtain p.l9p from the definition of H . 



3.3.6 Control of the Rkx directions 



N 



Define z{t) — z{t) + ak{t)Rkx{t), where ak{t) 



k=l 



_ J z(t)Rk^(t) 



, so that by ((^ 



zRkx 



N 



and there exist Ci , C2 > such that 

k=l 

As in JI] Section 4], we find 

J [{-^,^pRP-^^)h + ^] y + +ce-2^1z||^i 

Using p.l9p . we deduce that 



(3.20) 



(3.21) 



(3.22) 



Now, from the property of coercivity (vi) in Lemma 12.51 and since h takes values close to — 
for X close to Ckt + Xk, we obtain, by simple localization arguments (see [T^ Lemma 4] for details), 
that there exists A2 > such that 



{zi-pRP-'z')h + z^ ^ 



zZ,, 



Moreover, gathering all previous estimates, we have for all t e [T(o ), Sn]- 
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(a) For all k £ p,7V]l, (IzRhxY ^ Ce-'^^*\\z\\l, c'e-2(<=.+27)t by !Um . 



(b) For all k e |l,iV]l, {J zZ+) < 2(a+) + Ce-27t||^||^^ ^ ^g-2(e,+27)t (iii) of Lemma[2S 
(jXTU)) and 



(c) For all k e fljj, {JzZ^f 2{a^f + Ce-^-'^lzW^, < c'e-2(e.+27)t by (iii) of Lemma 



(IXT^ and 

(d) For all kelj + 1,N}, {j zZ- f ^ 2(a-) V Ce-2T*||z||^i (-g-2(e,+27)t by ([Xa . 
Finally, we have proved that there exists iiT > such that, for all t E [r(a^), Sn], 

We want now to prove the same estimate for z. 

Lemma 3.11. There exists Kg > such that, for all t G [r(a^), Sn], 

Proof. By (|3.2ip . it is enough to prove this estimate for |afc(t)| with k £ [[l,iV]] fixed. To do this, 
write first the equation of z from the equation of z 



Zt + {Zxx +P'P^ ^Z)^ 

N N N 

Zt + ^ciiRi^t + ^aiRi^ + z^^.^ + '^aiRi^,x^, + p'^ai{Rix(pP~'^)^ +p{(pP~'^z)^ 



N 



1=1 



1=1 



1=1 



= -(wi • z)^ - {'^{z))^ + ^ a'lRix + X! [ ~ ^'■^'■'^ + 'P^^ ^^'^ 

(=1 1=1 

Then multiply this equation by Rkx and integrate, so that we obtain 

j ZtRkx - j (Zxx + P'P'''^z)Rkxx = flfc J RIx +'^"''1 J RlxRkx 



N 



1=1 



J2ai / Ri 

XXX ClRlx+pip^ ^Rlx\ Rkx+ UJizRkxx+ Lj{z)Rkxx+ j ^R. 



^kxx • 



But from (|2.3p and (iii) of Claim [^7^ we have 

\\{Rixxx - ciRix +P<^^"'i?;=.)JL.o pWRixi^''-^ - R!~^)\\m 

^Cy- R\\h2 +p\\RixiR''-' - i?r')IU2 ^ 

and consequently 

N 



ItRkx +q|z||i2+Ce-^*5]|a;i+Ce-2^*^|a,| 

l^k 1=1 

+ Ce-'^^'\\z\\^.+C\\z\\l,+CM^,. 
Moreover, from J zRkx = J2i^k I RixRkx, we deduce that 

■ / ^""'^ ^ I? / + ^ Ji-cMxxRkx - CM 



d_ 

dt 



kxx } 



l^k 



l=tk 



ZtRkx + I z{ — CkRkxx), 
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N 



and so 

/ ztRk. +Ce-''*^|a;| + Ce-27*^|a;|. 

l^k 1=1 

Gathering previous estimates, we have from (j3.2ip and p.Sp . 

Finally, if we choose to large enough so that €46^^*" < we obtain for all s £ [T(a^), S'„], 

By integration on [t, S",,] with t e [T(a-),S'„], we get |afe(t)| ^ |afe(S'„)| + i4'e-('=^+27)t. But from 
Claim 13.71 and Lemma 13.61 we have 

|afe(5„)| ^ C\\ziS„)\\Hi < C||fa|| sc: C||o-|| Ce-(^^+27)S„ ^ Ce-<-^^+^'<^\ 

and so finally, 

yt e [r(a-), Snl \akit)\ < ife-(^^+2'/)*. □ 

3.3.7 Control of the unstable directions for k > j by a topological argument 
Lemma 13.111 being proved, we choose to large enough so that Koe^''^" s$ i. Therefore, we have 

Vte [T(a-),5„], \\z{t)\\^, ^ ^e-(e.+7)t. 

We can now prove the following final lemma, which concludes the proof of Proposition 13.31 
Lemma 3.12. For to large enough, there exists G (e"'-'^^^^'^'''^") such that T{a^) = to- 

Proof. For the sake of contradiction, suppose that for all G Bkn-j (e"'^'^^^^''^'^"), r(a~) > to- 
As e('=J+^)^'"")z(T(a")) e 5^1(1/2), then by definition of T{a^) and continuity of the flow, we 
have 

ei-.+^y)no-)c,-[T{a-)) e §R«-.(1). (3.23) 

Now let T e [to,T{a^)] be close enough to T(a^) such that z is defined on [T, 5„], and by 
continuity. 

We can now consider, for t e [T, Sn], 

J\f{t)=J\f{a-{t)) = |le(^^+2^)*a-(t)|l2. 



To calculate A^' , we start from estimate p. lip : 

Wkelj + l,Niyte[T,Sn] 
Multiplying by |Q!^(t)|, we obtain 



dt 



and thus 
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By summing on fc G [[j + 1 , , we get 

Therefore we can estimate 

AA'(i) = (e2('^^+2T)*||a-(f)||2)' ^ e2(e,+27)t r2(e^. + 2-f)\\cx- {t)\\^ + {\\a-{t)\\^)' 



=^ e 



2(ej+27)t 



Hence we have, for ah t G [T, Sn] , 

M'{t) ^ -e-M(t)+K2e'^'\\oi-{t)\\, 

where 9 = 2(ej+i — ej — 27) > by definition of 7 (|2.ip . In particular, for all r G [T, S'„] satisfying 
A/'(t) 1, we have 

M'{t) < -6l + i\:2e"^-^||a-(T)|| = -9 + K2e''^'' e-^'''+'^''^'' = -9 + K2e~^'^^ < -9 + K2e~^"'*'' . 

Now we fix to large enough so that K2e^'^'^^° < |, and so for all r G [T, S*,!] such that N[t) = 1, 
we have 

M'{t)^-^-. (3.24) 
In particular, by (g^, we have 7V'(r(a")) < -f ■ 

First consequence: 1— > T(a~) is continuous. Indeed, let e > 0. Then there exists 5 > Q such 
that A/'(r(a-) - e) > 1 + (5 and N{T{a-) + e) < 1 - 5. Moreover, by definition of T(a') 
and (|3.24|) . there can not exist r G [T{ar) + e, such that A/'(t) = 1, and so by choosing 
5 small enough, we have for all t G [r(a^) +e, 6*71], -^(t) < 1 — (5. But from continuity of the 
flow, there exists 77 > such that, for all satisfying |ja^ ^ a II ^ '^^ have 

Vt G [r(a-) -£,5„], \N{a-{t)) -N{a.-{t))\ 5/2. 

We finally deduce that T(a^) — £ < r(a~) ^ + e, as expected. 

Second consequence: We can define the map 

a- ^ e-(^^+2^)(^"-^(»"))a-(r(a-)). 

Note that is continuous by the previous point. Moreover, let G Srw-j (e^'^'^5+27)S'n)_ 
As N'{Sn) < -f by (p:^ . we deduce by definition of r(a") that T(a") = S'„, and so 
A^(o~) = a~. In other words, M restricted to Srn-j (e"^'^^^^^)^^) jg the identity. But the 
existence of such a map M. contradicts Brouwer's fixed point theorem. 

In conclusion, there exists oT G -Brn-j (e"^'^^+27)S'„-j g^^^j^ ^hat T{a^) = Iq. □ 

4 Classification of multi-solitons 

This section is devoted to prove the second assertion of Theorem ll.3l Let p>5,Af^2,0<ci< 
■ ■ ■ < cpf and a;i, . . . , xn G M. Denote R — X^jLi ^cj,xj and (p the multi-soliton given by Theorem 
11.21 Let u be a solution of ( [gKdVp , defined on [ti, +00) with ti > large, satisfying 

hm ||^.(t)-i?(t)||^, =0. (4.1) 

i— 5- + 00 
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4.1 Convergence at exponential rate 7 

Wc first improve condition (|4.ip into an exponential convergence, with a small rate 7 > 0, where 
7 is defined by fTTj) . 

Lemma 4.1. Lete = u—ip. Then there existC,to > such that, for allt ^ to, \\£{t)\\iji ^ Ce~^*. 

Proof. Step 1: Modulation. Denote v — u — R, so that — >■ as i — > +00 by (|4.ip . 
Therefore, by a standard lemma of modulation (see for example [111 Lemma 2]), for t^ large 
enough, there exist N functions j/j : [to, +00) — > R of class such that w — u — R, where 
R — J2^j ^j(^) — Rji^^ ■ ^ yj{t))i satisfies 

'VjeIl,iVl, /u;(i)(i?,).W-0, 

y.i e 11,^1, |yK*)l ^ C\\w{t)\\^,+Ce-'''. 

Note that the first two facts are a simple consequence of the implicit function theorem, while the 
last estimate comes from the equation satisfied by w, 

N / N \ 

k=l \ k=l I 

multiplied by (^j)^ and integrated. Similarly, if we denote Z^{t) = Z^(t, ■ — yj(t)) and (if{t) ~ 
J w{t)Z^{t), the equation of w multiplied by leads to 



^ tn 



±afit)Te,af{t) 



^CWwml.+Ce-^-". 



(4.2) 



Step 2: Monotonicity. We use again the function introduced in Section [3.3.5l Following [TT], 
we introduce moreover = 1 and for j G [1, — Ij, 



mj{t) 



TPj{t) = ipix ~ mj{t)), 



and 

0i=?Ai, (l)N = 1 ~ ipN-i, (j>j = il^j - ^j^i for j e p, iV- Ij. 
We also define some local quantities related to mass and energy: 



M,(t)= / w2(t)0,(O, E,{t) 



1 



—-^u^+\t)J cp,(t), E,{t) = E,{t) + ^M, 



Then, by (|4.ip and monotonicity results on the quantities t H> ^'^k{t) and t H> X]'fe=i ^k{t), 

we have, for all t ^ to and all j e Jl, iVJ, following Lemmas 1 and 3 of [TT] . 



j2(fQl-Mk{t))^-K,er^^\ 

k=l ^ 



(4.3) 
(4.4) 



and 



(i?,(t) + |Af,(t)) - (^£;(Qc,) + 



i^^Kie-^^' + Ki\\w{t)\\^^ j w^4>,, 

(4.5) 
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' we write 



where Hj{t) = J (wl(t) + CjW^{t) - pBPr\t)w'^(t)'^ (l)j{t). But if 



E 



2 \cj Cj+i 



50 \Cj Cj+i 



fc=i 



and similarly 

N 



E|(i?(Qc,) + |/Q: 



E 



N-l 

E 

1 



1 1 



„2 2 



11 

N 



1 - 



50 Vc 



k—1 ^ 



and we remark that all coefficients in these decompositions are positive, we obtain by (|4.3p and 

(1131), 

N ^ 1 / r \ 



Therefore, we have by 

N 



11 1 1 / r 

I E w ^ E ^ w + 1^^. w) - E ^ ( ^(Q^.) + 1 / 

iV ^ 1 /• 

+ X4 5]-e-2^*+i^4|kWllHiE- / "^^^1 



N 



since (j)^ ^ 0. Finally, as X^iLi 4'j = 1, we obtain 



^ 1 

5]-i?,(t)<Cie-2^* + C2||u;(t)|| 



3 



(4.6) 



Step 3: Coercivity. Now, from the property of coercivity (vi) in Lemma 12.51 and by standard 
localization arguments (as in Section [3]), we have 



w{t)Zf{t) 



y^ ii/,(t) ^ x^wwmi. " f E (/ - f E (/ 

As / w{t){Rj)Jt) = and af{t) = J w{t)Zf{t), we obtain by 

\c\\w{t)\\m Ci^'^^*' + C2\\w{t)fH^ + C,\\a(t)\\\ 
where a{t) = {a'^(t)) . ^. For to large enough so that C2\\'w(t)\\^i ^ we obtain 



(4.7) 
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Step 4'- Exponential decay of ex. From (|4.2p and (|4.7p . we have for all j £ Jl, iVj and all t ^ to, 

^Ci||5(i)|P + C2e-27*. 



We follow here the strategy of pi Section 4.4.2]. Define A{t) = and B{t) = 

^^-^5~(i)^, and let us prove that A{t) ^ B{t) + Le^^^* for L large enough. First, we have, 
by multiplying the previous estimate by |a^(t)| (that we can of course suppose less than 1), 



a 



^ ^ ' dt ^ ^ ' ^ ^ 
and so by summing, 

A\t) ^ 2eiAit) - Ci||5(t)f - Cae-^^*. 

Similarly, we obtain 

B'it) ^ -2eiB(t) + Ci|15(i)f + C2e-2^*. (4.8) 

Now let h{t) = A(t) - B{t) - Le"^'^* with L to be determined later. We have of course ft,(f) — > 
as t ^ +0O, and by the previous estimates, we can calculate 

h'{t) = A'{t) - B'{t) + 2L7e-27* 

^ 2eiA(t) + 2eiB{t) - Ci\\a{t)f - Cae'^^* 

^ 2ei/i(t) + 4eiB{t) ~ Ci\\a{t)f - Cae-^'^* + 2Leie-2T*. 

Since ||5(t)||2 ^ A{t) + B{t) = h{t) + 2B{t) + Le-^^\ we get 

h'{t) ^ /i(t)(2ei - Ci\\a{t)\\) + B(t)(4ei - 2Ci\\a{t)\\) + e-^^\2Le^ - C2 - CiL\\a{t)\\). 

Now choose to large enough so that Ci||a(t)|| ^ ^ for t ^ to, and fix L = Therefore, we 
have, for all t ^ to such that h{t) ^ 0, /i'(t) 5^ eih{t). Hence, if there exists T ^ to such that 
h{T) ^ 0, then h{t) ^ for all t ^ T, and thus h{t) ^ Ce'^^*, which would be in contradiction 
with limt_j.+oo h{t) = 0. So we have proved that h{t) ^ for all t ^ to, as expected. 
Now, from (|4.8p and the choice of to to have Ci||a(t)|| ^ ^ for all t ^ to, it comes 

B'{t) + 2eiB(t) eii?(t) + + 6"^^*, 

and so B'{t) + eiB{t) Ke-'^'^K Therefore, {e"^"" B{s))' ^ ii:e(^i"27)s for g ^ to, and so by 
integration on [to,t], 

e*=i*B(t) - e'=i*«5(to) ife("i-27)t^ 
since ei — 27 > 0. We deduce that 

B{t) ^ ife-2T* + K'e-"^' =^ iiTe-^^*. 
Finally, we also have by the previous point A{t) ^ /C'e"^^*, and so 

Vt>to, II 5(t) IP < Ce-27t. (4.9) 

Step 5: Conclusion. By (j4.7p . we deduce that ||i«(t)||^i Ce^^*, and from the estimate on 
\v'j\, we have for all j E [[1,^1 and all t ^ to, |yj(t)| ^ Ce~'^*, by integration and the fact that 
yj{t) — ^ as t — > +00. To conclude, write 

e = u — (fi^w + R— ip = w — (ip — R) + {R — R), 

so that 

ikwii^i ^ ikwiiffi + Rmwm + \m- mmm ^ ce--'^ + \\{r^ Rmw^, . 
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But we have 



N 



N 



N 

and so finally, for all t ^ to, |le(Ollffi =^ Ce'^K □ 
4.2 Convergence at exponential rate ei 

Now, we improve the convergence of the previous lemma, with an exponential rate ei 3> 7. The 
proof will mainly use arguments developed in ll, Section 4]. 

Lemma 4.2. There exist C,to > such that, for all t ^ to, ||£(<)||^i ^ Ce~'^^*. 

Proof. Step 1: Estimates. We follow the same strategy as in Section [3.31 First, from the equation 

of £, 

St + (e.x + ((^ + ef - ipP)^ = 0, 
we can estimate af{t) = J e{t)Z'l^{t) for j e [1, A^] and t ^ to. Indeed, we have 



dt 



af{t) ^ J StZf + jeZ%= j (e^, + + ef - ^^)z% - c, J eZ 



I 



k=l 



~ c.e+pH'f^ Z%+pj (^^-1 - RT'yz% + 
I + II + III. 



k=2 



— k ^k vi 
jx 



ifP-^e^Z. 



But we have I = ±ejaf{t) (see proof of (g^), |II| s? Ce-T*||e(t)||^i and |III| C||e(t)||^i, and 
so, for all t^ to and all j e [[1, N}, 



—aj {t)Tejaj{t) 



^Ce-'%it)\\ 



(4.10) 



To control the Rjx directions, we proceed exactly as in Section 13.3.61 Define £{t) ~ e{t) 



a, I ^ C2||£||^i. 



(4.11) 



As ||e(i)||^i ^ Ce we have exactly as in jTT], for all t ^ io, by monotonicity arguments, 

elit) - pRP-^(t)e^{t)\ h(t) + e^t) ^ Ce-^^' sup ||e(t')||ffi , 
where h is defined in Section r3. 3. 51 We also have from [TT] . 



2 



i=i 
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and thus 



ei{t)-pRP-\t)^{t) h{t)+l\t) ^ Ce-2T*sup||e(t')ll 



t'>t 



But as in Section I3.3.5L a localization argument of the property of coercivity (vi) in Lemma 12.51 
leads to 



Since {jeRjxY ^ Ce"27t|j£(i)||^^ and {JeZfY s: 2(a±) V Ce-2T*||e(t)||^i , then 



N 



N 



^ sup \Ht')\\l, + Ce-'-^^mm + + K) 

''S'* j=i j=i 



By denoting Q:(t) = {af{t)) , we thus have 



t'>t 



(4.12) 



Finally, to estimate |aj(t)| for all j E [1, N}, we follow the strategy and some calculation from 
the proof of Lemma 13.111 First write the equation satisfied by e: 



+ p{ipP ^g)^; + akRkxt + a'kRkx + akRkxxx + P Qfc (Rkx^P^ 



N 



N 



N 



N 



k=l 



k=l 



k=l 



k=l 



N 



N 



-[{ip + ef - LpP]^ ^ p{ipP ^e)^^^a',,Rkx'^^ak[-CkRkx^ Rkxxx+PV^ ^Rkx], 



k=l 



k=l 



N 



N 



= E o.'kRkx + ^ak [Rkxxx - CkRkx + pip^ ^Rkx] + ef - - pif^ 

k=l k=l 

Then multiply by Rjx and integrate, so 



/ EtRjx - / {sxx +P'P^ ^e)Rjxx = a'j / R^jx + E / ^kxRjx 

k—1 

+ p(pP ^Ce ''^ we obtain 



It{t)Rjx{t) 



Moreover, we still have 



et{t)Rjx{t) 



Ce--^' \4it)\ + Ce-^*|l£(<)|l^, + C\\emm + C\m\\ 



m ■ 



and so 



|a;.(i)| sc: Cie-^* + ^^""I^WIlifi + C\\e{t)\\l, + C\\e{t)\\m- 
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Finally choose to large enough such that Cie ^ jf, so that we obtaui, for all j e P,^] and 
all t ^ to, 

\a'^it)\^Ce-'%it)\\j,,+C\\e{t)\\m- (4.13) 

Step 2: Induction. With estimates (j4.10p to (|4.13p . we can now improve exponential conver- 
gence of £ by a bootstrap argument. We recall that we already have ||£(t)||^i < Ce^^"* with 70 — 
7. Now, we prove that if ||e(i)ll_f/i Ce-T»* with 7 < 70 < ei - 7, then ||£(i)||ffi ^ C"e~('>'°+^)*. 
So, suppose that ||£(i)ll_ffi ^ Ce^''"'^ with 7 ^ 70 < ei — 7. 

(a) From ((iTII)) . we get for aU j £ ll,N}, |(e~^^*a+(i))'| < Ce"('=J+'^°+'')*, and so by integration 
on [t, +00), < Ce"(T«+^)*, since a+(i) ^ as t +00. 

(b) StiU from (OH)) , we get for all j G N}, |(e'=^*a~(i))'| C'e('=^-''-^«)*. As e^- - 7 - 70 ^ 
ei — 7 - 7o > 0, we obtain by integration on [tQ,t], \e'^^*aj{t) — e'''^*°aj (to)\ ^ Ce'^^"'''"^")*, 
and so 

\aj{t)\ s; Ce-(^°+'^)* + Ce-'=^* Ce-^''°+''^' . 

(c) Therefore we have \\a{t)\\^ Ce-2('ro+7)*, and so by dHH), we obtain \\e{t)\\jj, ^ Ce-(^o+^)*. 

(d) From we deduce that for aU j e [1, A^]], \a'j{t)\ Ce" and so, by integration on 
[t,+oo), \aj{t)\ ^ Ce-(''"+'')S since aj(t) — > as t — > +00. 

(e) Finally, from ((iTT|) . we have ||e(t)||^i < Ce"(^o+'^)*, as expected. 

Step 3: Conclusion. We apply the previous induction until to have ei — 7 < 70 < ei. Note 
that if 7o = ei — 7, then the estimate is still true for 70 = ei — I7 < ei— 7, and so for 
7o = ei — ^7 > ei — 7 by the previous step. Now we follow the scheme of step 2. We still have, for 
aU i e ll,N\, |a+(t)| < Ce-('"'+'')* ^ Ce~''^\ and \{e''=*aj {t))' \ ^ Ce^^^-T-'^")*. In particular, 
for j = 1, we have 

since ei — 7 — 70 < 0. Hence there exists ^1 e M such that 

lim e^^*a7{t) = Ai, (4.14) 

and |e'=i*aj"(i)-^i| sC Ce(^i-'^-T«)*, and so |aj;(i)| s$ Ce"''!*. For j ^ 2, since 6^-7-70 > 63 -7- 
ei > by definition of 7, we still obtain by integration on [to,t], \aj {t)\ ^ Cg-iio+7)t ^ Ce""^^*. 
As in step 2, it follows ||Q;(i)||2 <^ Ce'^''^^ then ||£(i)||^i < Ce'"^* by (Hl^ . |aj(<)| ^ Ce^'^i* for 
aU j e |1, A^J by gini), and finally ||£(<)||^i ^ Ce^'^i* by as expected. □ 

4.3 Identification of the solution 

We now prove the following proposition by induction, following the strategy of the previous section. 
We identify u among the family {fAi....,AN) constructed in Section[31 We recall that this family 
was constructed thanks to the subfamilies {'PAi,....Aj), satisfying (13. 2p for all j E [[1, A^J: 

Vt ^ to, \\^A,,...^AAt) - VA,,...^A,^At) - A,e--^%+{t)\\^, ^ e-(^.+7)*. 

Proposition 4.3. For all j e |l,Af], there exist to,C > and {Ai,...,Aj) E M.^ such that, 
defining £j{t) ~ u{t) — ipAi,...,Aj{t), one has 

yt^to, \\e,{t)\\^, ^Ce-'^'K 

Moreover, defining a^i^{t) — J £j{t)Z^{t) for all k E \1,N\, one has 

Vfce II, jI hm e'='=*a-Jt) - 0. 
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Remark 4.4. As £i = u — ipAi = £ + {f ^ VAi), we have 

\\ei{t)\\H^ ^ \\e{t)\\H. + Mt) - ^AAmm ^ Ce'^^' 

by Lemma W% and \6.2\ . Moreover, if we define z\ by z\{t) — 'fAi{i^ — fit) — Aie^'^^'^Y^ {t), we 
have 



7iW= / eiW^rW= / e{t)Z^{t)-A 



he 



by definition of a-^ in the previous section and by normaUzation (iv) of Lemma l2.5l As || 2^1(0 II //i ^ 
g-(ei+7)t^ we finally deduce, by (jiH)) . 



|e^i*ar.i(i)| ^ \e''''a^{t)~Ai\+Ce 



-7* 



-> 0. 



Therefore, Proposition 14.31 is proved for j — 1- 

Proof of Proposition \4-3\ By remark [4.41 it is enough to prove the inductive step: we suppose the 
assertion true for j — 1 with j ^ 2, and we prove it for j. So, suppose that there exist tQ,C > 
and {Ai, . . . ,Aj^i) e such that ||ej_i(t)||^i < Ce^'^J-i* for all t ^ to, and moreover, for all 

k e 11, j ~ 11, e^'=*aj_i_fc(t) ^ as t -> +00. 

Step 1: Another induction. Following the proof of Lemma 14.21 we prove that if ^ 
Ce~^"* with ej-i ^ 70 < — 7, then ||£j-i(i)||^i ^ C"e~('"'+''^*. But, as (pAi is a soliton like 
tf, estimates (|4.10p to (j4.13D of the previous section hold. In other words, we have, with obvious 
notation, for all t ^ to, 

'Vfce Il,iVl, |^«±_,,(t)Te,a±_i,(t)| ^Ce-^l£,_i(i)||^,, 

\\s,^m\m ^ Ce-27tsup,,^,||e,_i(i')|lL. +C||a,_i(i)|P, 
Vfce [l,iVl, |a;._i ,(t)KCe-'^*||£,_i(t)||^,+q|£,_i(t)||^,, 

[\\s,-m\m^G\\ej^^mm+CEtiWj^iMt)\- 
From these estimates, we deduce the following steps as in the previous section. 

(a) For aU k e il,Nl \a+_^^^{t)\ s$ Ce-^^«+^'>K 

(b) For all fee |l,j-ll,wehave|(e^'^*a7_i fe(t))'K Ce^^'^-To-T)*. As efc-70-7 ^ ej_i-7o-7 < 
—7 < and e'^'=*Q;~_^ j, (t) — >■ as i — t' +00 by hypothesis, we deduce by integration on [t, +00) 
that |e'='=*aT_^ < Ce^'"'"^'>~'^'>* , and so \aj_^ ,^{t)\ ^ Ce-^'^°+'^'>K 

(c) ForaUfce [j, TV], we stiU have |(e'=''*aj_i_fc(t))'| Ce^'"'-'^°-^'>K As 6^-70-7 ^ 6^-70-7 > 
0, we deduce, by integration on [to,t], \e'^^*a~_^ f.{t) — e'^'^'^aj^-^ ;.(io)| ^ C'e^'^'-'^^"^^)*, and so 

(d) Hence we have \\aj^i{t)\\^ (75^2(70+7)*. it follows C'e-(To+T)*, |aj_i,fe(t)| «C 
(7g-(7o+7)t ijy integration, and finally ||ej-i(i)||^i ^ Ce^^'^°^'^'>^ as expected. 

Step 2: Identification of Aj . We apply the previous induction until to have Cj — 7 < 70 < Cj . 
Moreover, following the same scheme, we obtain the following estimates. 

(a) For aU k e ll,Nj, |a+_i_^.(i)| Ce-('^°+T)* Ce^^^\ and we stiU have 



{e'''a-Jt))'\^Ce'-'^^-'">'''^'. 



24 



(b) For all k G [1, j - 1]], we still have \a~_^ ,^{t)\ ^ Ce'^f°+'^'>* ^ Ce'^^*. 

(c) For k = j, we have \ie''^*aj_-^^ .j{t))' \ < Ce^'^-''"''""'^)* G Li([to,+oo)) since e^- - 70 - 7 < 0. 
Thus there exists Aj E K such that 

lim e'=^*a7_. At) = 

and moreover 1 6*^^*0! ^(t) — Aj \ ^ C'e^'^^"'"'"''^*. Hence we have \a~_-^ j{t)\ < Ce"*^^*. 

(d) For all fee Ij + 1, TV]], we have e/c — 70 — 7 > e^+i — Cj — 7 > 0, thus by integration on [to, t], 
we get \aj_^ ,^{t)\ Ce-'='=* + Ce-(''"+'')* < Ce-"^*. 

(e) We now have ||aj_i(t)|p ^ Ce"^*^^*, and so as in the first step, we conclude that ^ 
^tep 5; Conclusion. To conclude the induction, wc write 

where z^, defined by Zj{t) = <y5Ai,...,Aj (0 - fAi,...,A,-At) ~ Aje~^^*Yj^ {t), satisfies < 
e-(e.+7)* by dS^gi- Thus, we first have 

Moreover, we find 

a-Jt) = J e,{t)Z-{t) = aj_, jt) - A^e''^^'' J Y+{t)Z-{t) - j z,{t)Z-{t). 
Therefore, for all k £ [1, j - 1], we have \ajk{t)\ ^ \aj_^ ,^{t)\ + Ce-"'^ + Ce-('=^+'^)*, and so 

•> ' t — ^+00 

Finally, for k = j, we have by (iv) of Lemma [77^ '^^ ~ '^J-i j^^^ ~ Aje''^^* — J Zj{t)Zj (t), and 
so 

e^^*|aT Wl <; |e^^*a-„i^^.(t) - A,\ + Ce"^* — ^ 0, 
which achieves the proof of Proposition 14.31 □ 

Corollary 4.5. There exist {Ai, . . . ,An) G M.^ and C, to > such that, defining z{t) — u{t) — 
y^Ai,...,ANi't)j we have \\z(t)\\jji ^ Ce^^"^"* for all t ^ to- 

Proof. Applying Proposition 14.31 with j = N, we obtain {Ai, . . .,An) G and C, to > such 
that |l2(t)||^i =^ Ce"''"* for all t ^ to. Moreover, if we set 



a±(t) = J z(t)Z±(t) 

for all k G []l,iV]], we have e'^''^a^{t) — ?> as t — > +00. But, as in the previous proof, it easily 
follows that if ||z(t)||^i ^ Ce^T"* with 70 ^ ejv, then ||z(t)||^i ^ Ce-^To+T)*, and we apply this 
induction until to have 70 = Scat. □ 
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4.4 Uniqueness 

Finally, we prove the following proposition, which achieves the proof of Theorem 11.31 Note that 
its proof is based on the schemes developed above, and on arguments developed in [TT] Section 4]. 

Proposition 4.6. There exists to > such that, for all t ^ to, z{t) = 0. 

Proof. We start from the conclusion of Corollarv l4.5l we set 

0(O-supe^~*'|iz(O||^i, 

well defined and decreasing, and we prove that 9 = 0. Indeed, with obvious notation, we still have 
the following estimates, for all t ^ to, 

'Vfce I1,7V1, \iaiit)Teka^it)\^Ce-'^'\\z{t)\\H„ 
< VfcG [l,iVl, K{t)\^Ce-'r'\\zmm+Cmt)\\H„ 

^\z{t)\\H^^c\m\\^,+cJ:^^,\akit)\. 

Moreover, if we define Ho as in [11 by 

Hoit) = J ^(^zl{t,x) ~ Fo{t,z{t,x))Jh{t,x) + z'^{t,x)^ dx. 



where 



Fo{t,z 



p+1 



p+1 



'/'!4i,...,A„W^ 



and h is defined in Section [3.3.5l we also have ^^(t) ^ — Ce . Now, we want to prove 

that 6'(i) = 0, for t ^ to with to large enough. Let i ^ to. 



First, we have for all A: G ll,N}, | (t) T efea^ (t) | Ce~'>'*e-'="*6'(i), and thus, for aU s ^ t, 

d 



dt 



ttfc (s) T efcOfe (s) 



< Ce-^''''+'^>9{t). 



Hence, we have |(e '^'°*Q;^(s))'| ^ Ce ('=«+'=fc+T)''6'(t), and so by integration on [t, +oo), 

\a+{t)\^Ce-^''"+-'^'e{t). 

Similarly, we have \ie'"'''a^is))'\ < Ce-(^"-'=*+'>')^0(t), and since cat - + 7 ^ 7 > and 
e^'=*a^(t) H> as t — T' +00, we also get by integration on [t, +00), 

\a-{t)\ Ce-(^"+T)*0(t). 
We thus have < Ce^2(''"+^)*6'2(t). But we also have, for s ^ t. 



dHo 
dt 



(s) ^ ~Ce-^^'\\z{s)\\l, = -C7e-2('=«+7)«(ee««|j^(s)||^,)2 ^ -Ce-2(e«+7)-02(^)^ 



and so by integration on [t,+oo), Ho{t) ^ Ce 2('^"+''''*6'2(t). As in the proof of Lemma [4.21 we 
deduce that 

and so \\z{t)\\Hi < Ce-('="+'')*6'(t). But, for aU k e ll,N\ and aU s ^ t, we have 

14(^^)1 Ce-'<^\\z{s)\\H.+C\\z{s)\\H, ^ Ce"(^~+^)^0(s) Ce-(^«+-')^0(t), 

and so by integration on [t, +00), \ak{t)\ ^ Ce"''="+'')*6'(t). 

Finally, we have shown that there exists C* > such that, for all t ^ to, \\z{t)\\^i ^ 
C*e-(e"+7)t6)(t). Now fix t > to. We have, for all t' ^ t, 

e'"*'lk(i')llHi < C*e-^''e{t') s; C*e-^*«6'(t), 

and thus 9{t) ^ C* e^^*'"9{t). Choosing large enough so that C*e-^'^° ^ i, we obtain e{t) < 
^6'(t), so 9{t) < 0, and so finally 9{t) = 0, as expected. □ 
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A Appendix 



Proof of Lemma \3.4\ The scheme of the proof is quite similar to the proof of 9, Theorem 5], and 
uses moreover some arguments developed in [TTJ section 3.4]. Let T* — T*(||^o||^|) > be the 
maximum time of existence of the solution z{t) associated to zq. We distinguish two cases, whether 
T < T* OT not, and we show that this last case is in fact impossible. 

First case. Suppose that T < T* , and let us show that z„(r) ^ z{T) in H^. Since is 
dense in R-^ and ||z„(T) - z{T)\\fji ^ |jz„(T)||^i + \\z{T)\\j^r «C K' , it is enough to show that 
Zn{T) -> z(T) in I?'(K) as n +oo. So let g G C^(K) and £ > 0, and let us show the lemma in 
three steps, using a regularization. 

Step 1. For ^ 1 to fix later, we define z^.^^ and z^ by 

In particular, z^^ and Zq belong to iJ^, and z^ in I?'(M) as n — +oo, since Fourier 

transform is continuous in I?'(R). Moreover, since (zo.n) is uniformly bounded in by Banach- 
Steinhaus' theorem, we have Ij^^o^nll „3 < C{N)\\zQ^n\\ui =^ C{N), and 



03/4 f o3/4 (-1 



so Zq^ — !> zo,„ as iV — +00 in * uniformly in n. If we call z^ (t) the solution corresponding to 
initial data 2(^„, and since ||z„(i)|| 3 ^ ^ ^'^i '^^ deduce that 



'Hi 

sup \\zn (t) - z„it)\\ 3 s$C||z^„-zo,„|| 3 

tG[0,T] " 

for N large enough, by applying [TUl Corollary 2.18] with s = | > 2{i7~i) ^^'^ T = Tk = 
T{\\zn(t)\\ ^3). As a consequence, we have 

tg[o,T] ie[0,T] 

^ sup ||z„(i)llffi +2C||zo,n|lffl < C. 

te[o,T] 

Similarly, since sup^^jQ -^j |lz(i)|l^fi ^ K' by hypothesis, we also obtain, for N large enough, 

sup \\z''{t)-z{t)\\ 3 ^C'\\z^-zo\\3 

t6[0,T] 

where z^{t) is the solution corresponding to initial data Zq . Notice that C and C are independent 
of n, and that by propagation of the regularity, we have z^{t), z^ [t) S for all t € [0, T]. Finally, 
we have by the Cauchy-Schwarz inequality 



(z„(r)-z(T)).9- iz^iT)-z^{T))g 



(z„(T)-z^(T)).9 



(z(T)-z^(r))g 



(||z„(T) - z,r(7^)|L. + ll^(T) - ^ W ^ ^ 



for A'^ large enough, and we now fix it to this value. 
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Step 2. Now that N is fixed, we forget it and the situation amounts in: z{t) e for 

all t e [0,T], supjgjQ -p] ||2:„(i)||^i ^ C, ||zo,n||//3 ^ C (with C and C" independent of n) and 
•Zo,n -20 in as n — > +00. The aim of this step is to show consecutively that z„(i) is 

uniformly bounded in H^, and H^, and finally z„ is uniformly bounded in H^{[0, T] x R). 

Since sup^gjQ ll^^nlOII jiff ^ ^ ^^"^ i?* (R) ^ L°°(R) continuously, then we have 

sup \\zn{t)\\j^^ C and sup ||z„(t)||^2 ^ C. 
tG[0,T] te[o,T] 

But energy conservation gives, for all t G [0, T], 




We deduce that: 

and so sup^gfo^T] =^ C. 

To estimate ||z„(t)||^2, we use the "modified energy" as in [ITl Section 3.4] (see also [S]). If 
we denote z„ by z for a short moment, and if we define G2{t) = J {z'^^{t) — ^z'^{t)zP~^{t)^ for 
i G [0, r], we have the identity 

G'^it) = ^p(p- l)(p- 2)(p- 3) I zl{t)zP-\t) + ^p2(p- 1) 1 zl{t)z^^-\t). 

But Gagliardo-Nircnberg inequalities give, for all k ^ 2, 



k+2 fc-2 




and since supjgjQ ||z(t)||^oo ^ C, we have 

G',{t)^C\\z{t)\\l-J j \z,it)f + C'\\z{t)\\f-' J \zAt)\' 

Since a ^ a"^^^ + 1 and a ^ + 1 for a > 0, we deduce that for some C,D > (still independent 
of n), we have, for all s G [0, T], 

G',is)^c(^J zU.s)^+D. 
Now, for t e [0,T], we integrate between and t, and we obtain 

G2it) - G2(0) ^ C /* \\z^-As)\\l2 ds + Dt. 
Jo 



^ C||z„(t)||^-^||2„(i)lli. +C||zo,„|lLi +C^ll^o,«||^+' ^ C, 
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Moreover, by definition of G2 

5p 



\\Zxx{t)\\L2 < 2 



j zl{t)z^-\t) +1 jzl{Q)z^-\Q) 

+ INxx(0)||i2+C / \\z,,^{s)\\l2ds + DT 
Jo 

< C\\zit)C^ + C\\z{0)C' + \\m\\H^ +DT + C f \\zUs)\\l. ds 

Jo 

^B + C [ \Ms)\\l2ds. 
Jo 

Finally, we obtain by Gronwall's lemma that, for all t e [0,T], 



„CT 



\\zccx{t)\\L2 < Be"^' < Be 

We can conclude that sup^g^.T] ^ C with C > independent of n. 

For a uniform bound in H^, we use the same arguments as for H^. In fact, it is easier, since 
we have, by straightforward calculation (we forget again n for a while), 

I / ^LxW = -7p(p- 1) I zl,,{t)z,{t)zP-\t) 

+ 14p(p-l)(p-2) J zUt)z,it)zP-^it) 

+ 14p(p-l)(p-2)(p-3) I zUt)zlit)zP-\t) 

+ 2p(p-l)(p-2)(p-3)(p-4) / z,S)4{t)z^''{t)- 



But we have now supjg[(,,T] IkxWHioo < Csuptg[o_T] ll-Zx^lliji ^ C'sup^g^.T] II^WIIjf2 < C, and 
still suptg[o,T] Mt)\\L^ < C, so 

I J zl^M^Aj zl,M+B J \zUt)f + C J zl,{t)+D J \zUmz,{t)\. 

Using a Gagliardo-Nirenberg inequality for the second term and the Cauchy-Schwarz one for the 
last term, we obtain 



d_ 
dt 



+ C\\z{t)\\%.+D\\z^S)\\LAWmL^ 
^aJ zl,,{t) + B" J zl^^it) + B" + C' + D\\zm 

^A' J zl,,{t)+D'. 

Now, if we integrate this inequality between and t G [0,T], we get 

A' f \\z^^^{s)\\l,ds + D't 
Jo 

< 11^(0)11^3 +A' [ ||^xxx(s)||i2 ds + D'T 
Jo 

<A' [ \\z^^^{s)\\l,ds + D", 
Jo 



2 

i?2 



Ikxxx(i)|li2 ^ ||Zxxx(0)||£ 
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and we conclude again by Gronwall's lemma that |l2:i:a;2;(i)|1^2 ^ D"e^* ^ D"e^^. Finally, we 
have the desired bound: sup^gjQ ll-2^n(^)ll_f/3 ^ C. 

As Znt{t) = -Znxxx{t) - pz„x{t) zP~^ (t) , then we have, for all t G [0, T], 

\\Znt{t)\\]^2 ^ \\z 

nxxx 

(t)ll^. +p\\z,M\'J\Wx\\l^ < \WmH.+C\W{t)\\m ^ c- 

We deduce that (z„) is uniformly bounded in iJ^([0,T] x R), thus there exists z such that Zn ^ z 
weakly in -ff^([0, T] x R) (after passing to a subsequence), and in particular strongly on compacts 
in L^([0, T] X R). Moreover, since supj ||^:n(OII//3 ^ C*, we have supj P(t)||j:/3 < C. 

Step 3. This step is very similar to the first one of the proof of Theorem 5] . We recall that 
we want to prove j {zn{T) — z{T))g — as n — )■ +oo. Let u;„ = z„ — z. The equation satisfied by 
Wn is Wnt + Wnxxx + {z^ ~ z'P) ^ = 0, and moreover 

(ZP - ZP)^ = pZnxZP-^ -pZxZP-^ - P[(Z„, - Zx)zP-' + Z,(zr' " zP'^)] 

p-2 



p 



^nxZ^ ~l" Zxi^Zji z) ^ ^ Z^zP 



fc=0 

If we define S{u, v) — J2k=o v'^uP^'^^'^, the equation satisfied by w„ can be written 

jwnt + Wnxxx +PzP^^Wnx + pZxS {z , Zn)Wn = 0, 
|w„(0) = V'n = Zo,n - Zq. 

Now consider v{t) the solution of 

\vt + Vxxx +p{zP-'^v)^ + pZxS{z,z)v = 0, 
\viT)=g. 

First notice that sup^ \\v\\j^2 ^ C by an energy method. Indeed, we have by direct calculation 

/ [{P ~ l)zxzP-^ + 2zxS{z, z)] . 



d 

di 



But supt p2:(t)||ioo ^ sup( ||z(i)||^2 ^ C, and similarly supj ||z(t)||^oc ^ C, supj |l22:(i)||2,oo ^ C 
and supj \\S{z{t),z{t))\\^^ ^ C, and so 

By integration between t e [0, T] and T, we obtain 

\\vml.~\\v{T)\\l.^C \\v{s)\\l,ds, 

that is to say ||i'(i)|1^2 ^ IIsIIl^ + C* ||w(s)||^2 ds. We conclude, by Gronwall's lemma, that 

Now write 

Wn{T, x)g{x) dx — / ^jjn{x)v{0,x) dx — / / WntV + / / WnVt^l + lI 



with 

I = / I Wn [Vxxx +p{vzP~''^)^ ~ pZxS{z,Zn)v] , 



II = / Wn[-Vxxx- P{VZP ^)^+pZxS{z,z)v] 
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and so 



I + II=p^ j Wn[v{zP-^-zP-%+pj^ j WnZ,v[S{z,~z)-S{z,Zn)] 

= -P J J WnxV{Zn - z)S{z, Zn) - P j j WnZ^v{Zn - z)S'{z, Z, Zn) 
= -P j j [WnxS{z, Zn) + WnZ^S' {z, Z, Zn)\v{Zn - z), 

where S{z, z^) = E^Iq ^^"'"'^^ and S'{z, z, Zn) = E^I? E/to z^-^-'^ ~z>^-^-hi, both satisfy 

sup \\S{z, Zn)\\ LOO <,C and sup 5, 2;„)||^oo ^ C 

te[o,T] te[o,T] 

Since t/'n ^ in and w(0) G L^, then, for n large enough, |/ V-'n (2^)^(0, x) da; | ^ |. Therefore, 
it is enough to conclude to show that, for n large enough, |I + II| < |. But 

SUP( \\WnxS{z,Zn) + WnZxS (^Z,Z,Zn)\\j^oa 

and supj \\zn — z\\j^2 ^ C\\zn — ^||jiri(]o t[xir) ^ ^^Pt IblL^ ^ ^- Hence, there exists -R > such 
that 

S'{z,Z,Zn)]v{Zn - z)\ € 

Jo J\x\>R 

And finally, by Cauchy-Schwarz inequality, we have 



-P / [WnxS{z,Z„) + U>nZx S'{z,Z,Zn)]v{Zn- Z)\ 

Jo JlxlCR Jo Jla 



\x\^R 



Jo ih 



1/2 



\Zn - zf' 



\x\^R 



lo Ih 



\x\^R 



11 

Jo Jh 



z\\v\ 



\Zn - Z? 



1/2 



for n large enough, which concludes the first case. 

Second case. Suppose that T* ^ T and let us show that it implies a contradiction. Indeed, 
there exists T' < T* such that ||-z(r')||^| ^ 2K (where K is the same constant as in the hypothesis 
of the lemma). But we can apply the first case with T replaced by T', so that z„{T') z{T') 
in H^, and since ||zn(T'')llffi ^ obtain by weak convergence ||-2(2^')lljif | ^ II-^I^OIIhi ^ 

and so the desired contradiction and the end of the proof of the lemma. □ 
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